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1. Introduction

The rest of the paper is organized as follows. In Section 2, we provide the background and
formulate our problem in detail. Section 3 presents the minimax rate of excess risk for our
problem across various specific cases, as well as the most general case. Section 4 introduces
our kernel based classifier, derives its excess risk bounds, and states the minimax lower
bound. Section 5 describes the data-driven adaptive procedure for bandwidth and weight
selection. The proofs of all results are given in Section 6.

2. Problem Formulation

In this section, we outline the general framework for federated transfer learning under
privacy constraints. Our dataset is distributed across m + 1 servers, indexed by the set
{0,1,...,m}. The dataset is categorized as target and source. On server 0 (also called the
target server), we have ng i.i.d. samples from the distribution Py, while on server j (the
source servers) for j € 1,...,m, we have n; i.i.d. samples from distribution P;. All of the
probability measures { P;}7" are defined on the measurable space (Z, 2).

Let 70 = {ZZ-(O)}?Ql denote the ng realizations from Py on the target server. Let us
denote by Z0) = {Zi(])}?il the n; realizations from P; on the jth server for j =1,...,m.
These servers serve as the source data, and our goal is to learn the model for our target
distribution Fj. N

For each source server i.e j = 1,...,m, we send a (randomized) transcript T based
on Z9 to the target server 0, where the law of the transcript is given by a distribu-
tion conditional on ZU), P(:|Z\)), on a measurable space (T,.7). For j = 1,...,m the
transcript 70) has to satisfy a (¢, 0;)-differential privacy constraint.
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DEFINITION 2.1. The transcript TY) is (5, 6;)-differentially private if for all A € A
and z, 7" differing in one individual datum, it holds that

P(TV € A|29) = 2) <P (TD € A|29) = ') + 5.

The target server can look at the private transcripts {T(j)};”:l and the target data Z(©)

while constructing the final private transcript T. Hence T satisfies (€0, dp)-interactive
differential privacy constraint, which is defined as follows:

DEFINITION 2.2. The transcript T is (0, 00)-differentially private if for all A € A
and z, 7" differing in one indiwidual datum and for all t; € T for j =1,...,m, it holds
that

P<T€A|Z(O):z,f(j):tjforlgjgm)
< eEOIP(TeA\Z(O) :z’,f(j):tj for1§j§m>+5o.

This privacy constraint can be understood as follows: if we condition on the outcome of
all other servers then the distribution of the final private transcript 1" does not change
much if one of the datum on the target server is changed.

In transfer learning, our focus is on scenarios where multiple parties, such as hospitals,
possess heterogeneous data with differing underlying distributions. Employing distributed
protocols in such contexts ensures differential privacy while yielding outputs from each
participating party. Within this framework, transcripts generated by each source server
rely solely on its local data, with no exchange of information occurring between source
servers. Communication is solely between the source and target servers. Each of the source
server transmits its transcripts to the target server. The target server utilizing all the tran-
scripts (T(l), cee T(m)) from the other servers and target data Z(©), computes the final
private transcript T. This scenario often arises when multiple trials involving a popula-
tion similar to that of the target server are conducted, yet individual locations, such as
hospitals, opt against consolidating their original data due to privacy apprehensions.

In the context of transfer learning for nonparametric classification our data looks like
a couple Zi(J) = (XZ»(J),K(J)), fort =1,...,n;; 7 = 1,...,m for the source servers, and
ZZ»(O) = (Xi(o),Yi(O))7 for i = 1,...,ng for the target server. We assume that Zi(J) takes
values in Z := [0,1]¢ x {0,1}. We regard X € [0,1]¢ as a vector of features corresponding
to an object and Y € {0,1} as a label indicating that the object belongs to one of
two classes. Our goal is to propose distributed DP protocols TW for each server and
construct classifier f : [0,1]% — {0,1} based on the final private transcript {T'}. Unlike
the traditional federated learning framework, there’s no central server; alternatively, we
can consider the target server as acting in a central capacity.

We denote the vector of privacy budgets as (e,d) = {(g;,;)}72 and the class of

distributed DP classifiers fby Mes.
Next we denote

nj (X)) = P(YW) = 1]X D) for the source servers j = 1,...,m; and
no(X D) .= P(Y® = 1|X@) for the target server,
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as the (source and target) regression functions of ¥ on X. We denote the marginal dis-
tribution of X for the jth server, j =0,...,m as P]-X . Define the classification error of a
classifier f under the target distribution Fy as

Ro(f) == Ro(Y # f(X))

The Bayes decision rule is a minimizer of the of the risk Ry (f) which has the form fj(X) =
1{no(X) > 1/2}. The goal of transfer learning is to transfer the knowledge gained from
the source data together with the information in the target data to construct a classifier
which minimizes the excess risk on the target data

o~ o~

Eo(f) = E[Ro(f)] — Ro(f5)

Under the posterior drift model we quantify the similarity between the regression
functions {n;}7-; and ng as follows:

DEFINITION 2.3 (Relative Signal Exponent (RSE)). The class'(~y, Cy) with rel-
ative signal exponent v = (y1,...,%m) € R and constants Cy = (C4,...,Cy,) € R, is
the set of distribution tuples (P, Py, ..., Py) that satisfy for 1 <j <m

(a) sign (n;(z) — &) =sign (no(z) — §) for all1 < j <m and all z € [0,1]%.
(b) [nj(x) — 3| > C;|no(x) = 3|7 for some v; > 0, for all1 < j < m and all x € [0,1]%.

In addition to the RSE assumption we also need to assume smoothness of 7y and charac-
terize it behavior near 1/2.

DEFINITION 2.4 (Holder Smoothness). The regression function ng belongs to the
Hélder class of functions denoted by X(B8,L) (0 < 8 < 1) which is defined as the set of
functions satisfying:

() —mo(a”)| < Lllz = /|7 for z,a" € [0,1]°.

DEFINITION 2.5 (Margin Assumption (MA)). The margin class M(«, Cy,) with
a >0 and Cy, > 0 is defined as the set of distributions Py such that

P30 < |no(X) —1/2] < t) < Cut® for all t > 0.
Another definition is about marginal density of X, PjX forj=1,...,m.

DEFINITION 2.6 (Common Support and Strong Density Assumption (SD)).
We assume that P]-X for j =0,...,m have the identical support on a compact (c,,1,) reg-

ular set A C [0,1]% and has a density g; w.r.t. the Lebesgue measure bounded away from
zero and infinity on A:

Imin < 95(2) < gmax for x € A and g;(z) = 0 otherwise,

where ¢y, g > 0 and 0 < gmin < gmax < 00 are fixed constants. We denote the set of
marginal distributions (Ps%,..., PX) which satisfy the above constraints as S(p,cu,7,)

where (= (Gmin, Jmax )-
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REMARK 2.1. In this paper we focus our attention to the case when the marginal
densities have regular support and are bounded from below and above on their support.
Moreover we assume that a8 < d throughout the paper. This is because in the other
regime (af3 > d), there is no distribution P;* such that the regression function 7y crosses
1/2 in the interior of the support of Py* (Audibert and Tsybakov [2007]) and hence this
case only contains the trivial cases for classification.

We put all the definitions together to define the class of distributions we consider in
the posterior drift model as

H(’ch‘yaﬂaLvaa Caa/"a C}MT}L>
= {(P()?Pl?"'?Pm) : (P(]?Pla"'?Pm) S F(77O"/)77]0 € E(BaL)v
Py € M(a,Cy), (P, Pi*, ..., PX) € S(i,cury)}

For the rest of the paper we will use the shorthand II(a, 3,4, ) or II if there is no
confusion.

3. Main Results

In this section, we present the key findings of our paper, where we establish the minimax
rate of convergence for transfer learning under differential privacy constraints, specifically
addressing the nonparametric classification problem.We divide our results into two sub-
sections: Section 3.1 covers the homogeneous case, while Section 3.2 addresses the general
heterogeneous case.

3.1. Minimax Rates under Source Homogeneity

To derive meaningful and interpretable insights from our minimax rate, we first exam-
ine the scenario where the source servers are exchangeable in terms of the distributed
classification problem under transfer learning and privacy constraints. This homogeneous
scenario is characterized by equal sample sizes (n; = n), privacy parameters (¢; = ¢,
d; = 0) and transfer exponents (y; =) forall j =1,...,m.

THEOREM 3.1. Suppose nj = n,ej = ¢€,0; =0 and v; = for all j = 1,...,m and
assume that 6 = o((nm)~1). Then the minimaz rate for the excess risk satisfies

~ _1

__inf sup & (f) = {LN{ (né“d A (ngag)ﬂi}#m)
FeM(e,8) (Po,.... P )€l

. . ~B(1+a)

+ ((mn)m A (anEQ)m) } A 1}

B(1+a)
for a sequence Ly of order at most (log((6 A 6g)~1))ZGAn+.,

In order to further our understanding about interplay between the transfer exponent
~v and privacy parameters we restrict our attention to the case where the target server
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has same privacy budget, i.e., g9 = ¢, g = 0 and the number of target samples is be-
tween n and mn. Other sample size regimes can be described similarly. As is clear from
Theorem 3.1, the minimax rate of decay for the excess risk is given in this case by:

1+a
&(F) = [LN {<n0 Wy (ngg)—‘iﬁiz“i> A <(mn)_§§v++a; v (mn%?)—féiféi)} A 1} |

(1)
We will refer to the four terms on the right hand side in (1) as the non-private target
rate (NP;), the private target rate (P;), the non-private source rate (NPy), and the private
source rate (Ps) respectively. Depending on the value of the common privacy parameter
¢ and the transfer exponent v, the overall rate will be determined by one of these four
rates, as demonstrated by the following table. Corollary 3.2 formally states the results of

Table 1 along with the endpoints of the various transfer and privacy regimes.

Table 1. Minimax rate of excess risk at different transfer and privacy regimes. See Corollary 3.2.

Transfer Drivacy e € (0,eM] e € (eW,e@] g€ (e@,e®)] g€ (e®)1]

P, ife<e0D

€ (0,1 = NP,
7€ 0] {PS if e > (1)

1 NP, if ¢ < (2D

(%) <
v e (1,7™)] P, ife<edd {Ps fes oD NP,

P, ife>e0D

7€ (v, 00) NP,

COROLLARY 3.2. Suppose nj = n,v; = yV1 < j < m,n < ng < mn, and equal
privacy budget ¢; = ¢, §; = 6V 0 < j < m . Further assume that § = o((mn)~'). Then
the minimaz rate for the excess risk are as given in Table 1 with the various regimes
characterized by the following endpoints:

28+d)1
(a) 1) = & [W —d].

1
(b) €M = (Vmn)"' Angt; e = n(;w%; e® = (md/zn_‘”) o

1
— )] 86— .
(vmn)B+dng B+ )] PO e A1,

(c) M =1 m) if v =1, ng < vmn?2,
@ if v =1, ng > vVmn2.

By+d

(d) 8(21) — (\/ﬁn)_lnoﬁﬂ ]

In the rest of this subsection, we describe another specialized setting where we allow
one of the source servers to be public. To demonstrate the effect of publicly available data,
we take m = 2 sources, with one private and one public source server. The minimax rate
for excess risk is then given by the following corollary:
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2By+d

COROLLARY 3.3. Suppose that y1 = v9 =, €1 = 00, &g = €9 =€ and ngy > ny" ",

6oV 63 = o(ny'). Then the minimaz rate for the excess risk satisfies the following.

_ B+o)

~

s f o 2By+d
(a) If ny > ng, 1nff€M(€,6) SUD(py,.... Po)eTl Eolf) = )
28y+d
(b) If ny*** < ny < ng, then
_ B(+o) By+d
Lan 28v+d Z'fe < n2—1n12/3'v+d
~ B(1+a) By+d __By
inf sup ( )X LN( 2 2) Bvt2d Z-fn2—1n12ﬁ’v+d <e< LNTLQ 2Bv+d
feM(s 3) (Pos-...Pm)€ll 7ﬂ(1+a> _ Bytd
Lyng 27 if ng 7 < e < 1.
2By+d
(¢) Ifm < ng”™ <y, then
inf sup  &(f)
feM(e 8) (Po,...,Pr ) €Tl
_B(+a)
Lyn, 2+ ife <n?

= 1 B(1+a)
[LN{ ( s A (ngg)miu) + (nsﬂw A (n%EQ)M) } A 1] otherwise,

B(14a)

e /\nzﬂ”” Here Ly is a sequence of order at most (log((dgAdz)™1))28GAD+d

where n = ng

3.2, Minimax Rates in General Setting

We now turn our attention to the general case where the sample sizes n;, transfer expo-
nents 7;, privacy parameters (¢;,d;) are all allowed to vary for 0 < j < m. Our main
result, captured in Theorem 3.4, quantifies the rate. The homogeneous case described
earlier can be thought of as a special case of this vastly more general setting.

THEOREM 3.4. Let r € Ry be the solution to the following equation:

m
(no A n2£27’d) 26+d 4 Z(nj A n2€2rd) 2Byi+d — 1 (2)
j=1
The minimaz rate for excess risk is given by

~

inf sup Eo(f) = (LNrﬂ(H'a) A 1) . (3)
FEM(&,8) (Po,.eyPrn) €l (e, B,7,11)

Bt
whenever 3~ n;d; — 0, for a sequence Ly of order at most (—10g (Omin)) 2 mintd.
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4. Minimax Optimal Classification Procedure

This section has two goals, divided respectively into the corresponding subsections. In
the first subsection we derive a nonparametric classifier for the target population, that
suitably utilizes information from the sources while satisfying privacy requirements for
each server. In the second subsection we prove a minimax lower bound showing that our
classifier is minimax rate optimal in the distributed private transfer learning context.

4.1. Classifier

We now describe a classifier for transfer learning with distributed privacy. Our method
has three main steps. First, we use a kernel estimator to estimate (n;(z) — 3)g(x) for
j =0,1,...,m. Second, then use a convex combination of these estimators, where the
weights are designed to borrow strength from the source servers under the transfer learning
setup. The third step is to add a Gaussian noise to the weighted kernel estimator to satisfy
privacy requirements. Our classifier is given by the sign of the noise perturbed weighted

estimator. See Section 4 of Auddy et al. [2024] for details.

PROPOSITION 4.1. For any h € [0,1] the transcripts {Téj)(xo) + éﬁ”(xo) 0 <
Jj < m} described above satisfies (¢5,0;) differential privacy distributed across servers
j€{0,1...,m}.

The optimal bandwidth choice hp is given by the solution to (2). To account for the
additional § factor for approximate privacy, we now define h,y: 5 which is the solution to:

n 2
(ng A n%sgrd)rww + Z("J A n?z—:?rd)rw“’ﬁd = log ( > (4)

Finally our classifier is given by

~

(0) = 1(Th,y 5 (0) = 0) ()

f
where hgp 5 is the solution to (4). The following theorem provides an upper bound for the
excess risk of this classifier.

THEOREM 4.2. Let r be the solution to (2). Let f be the classifier defined in (5)
based on the weighted kernel estimator in Section 4 of Auddy et al. [2024]. Then,

B(l+a)

sup go(f) < C*rﬁ(l—i-a) (log (61 )) 2BYmin+d

(Posory P ) €M (00, 3,77, 11) min

where Cy is a constant depending on L,d, «, 3,7;, while Ymin = min{l,y1,...,vm} and
Omin = min{do, ..., 0m}.

4.2.  Minimax Lower Bounds
The above theorem bounds the error rate of our kernel based classifier. Alongside the
upper bound above, in this subsection we derive the minimax lower bound on the excess
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risk, to establish that our kernel based classifier is minimax optimal upto logarithmic
terms.

We introduce a general data processing inequality which extends the findings pre-
sented in Cai et al. [2023a]. This new result provides a bound on the total variation

(TV) distance between the push forward measures of the transcripts IF’T and IF’U/, utilizing
the TV distance between their underlying distributions. Such an 1nequahty may be of
independent interest beyond the current setting due to its broader applicability.

LEMMA 1. For any subset S C {0,...,m}, the TV distance is bounded as follows:

TV (PZ(O)7P§(O)> <V2 > & (e = 1)+ Y nKL(Pjo, Pior) +4)_ e7n;djp;,  (6)

jes jese jeS
where £; = 6n;e;p; and pj = TV (Pj 4, Pjor).

The following theorem then establishes the fundamental cost of privacy for the non-
parametric classification problem in the distributed privacy setting.

THEOREM 4.3. Suppose d;’s are such that 3, n;d; = o(1), then there exists a ¢ > 0
not depending on n; for j =0,...,m such that

~

inf sup & (f) = erfite)
fE./Vl(e 8) (Po,...,Pm)€ll

where r is the solution to (2).

5. Data-driven Adaptive Classifier

In practice we do not know the smoothness and transfer exponent parameters of the
unknown regression function. Choosing the correct bandwidth A thus becomes nontrivial.
We will use an estimator based on the Lepski method to choose h from a grid of possible
values. To choose the best candidate bandwidth, we define a grid of possible choices for A
as:

H={27:5=0,1,...,(logn,)/d}, where n, = Zn] Anje?

Let A™ = {w :w; € [0,1], > w; = 1} denote the m-dimensional simplex. For a weight
vector w = (wo, Wi, ..., W) € A™ we define

\/2¢x log(2[H]/6;)[H|

d
n;ejh

T (o, h, w) Zw]T(] (o) + Zw] €9 (z) for h,w € [0,1] (7)

where T,Ej )() is as defined in Section 4 of Auddy et al. [2024] and ¢U)(-) are mean zero
Gaussian processes with covariance kernel K (-/h).
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5.1. Adaptation under Source Homogeneity
In this subsection we consider the sources to have transfer homogeneity, i.e., every source
has identical transfer exponent v; = v for 7 = 1,...,m. It is then intuitive to weigh the

estimators T,Ej ) and the noise €U with the weights proportional to n; A n?e?hd for the
sources. Then the adaptive choice of h in the transfer homogeneous setting is given by
, {min {h e H: (k) > 4.5log(2n. M)} if max fo(k) > 4.5log(2n. H])
0 pu—

argmax,po(h) otherwise.

Define N
(T(x(% h07 w))2

*
’UJO = argmaxwew(ho) Uo(ho w)
)

The adaptive classifier is now defined as
folx) == 1(T(, ho, w§) > 0). (8)

The following theorem states the excess risk of the adaptive classifier in terms of the
regression function parameter «, 3, the transfer exponent v and the privacy constraints.

THEOREM 5.1. Let r be the solution to (2) with v; =~ for j =1,...,m. Let ﬁ) be
the data adaptive classifier defined in (8). Then,

-~ B(lta) (1+o)
sup  E(fo) < CLrP) | (log (e M) Lo (2[R /bmin)) 015 V3]0
(POV'WP?VL)EH(O‘?B?'Y#J’)

where C7, is a constant depending on m, L,d, o, 3,7, while dyin = min{dg, ..., 0pm}.
5.2.  General Adaptation for Multiple Sources
We now shift to the general setting where we no longer constrain vi,...,7, to be all
equal. Note that for optimal estimation (as in Theorem 4.2), one requires knowledge of
potentially m many different parameters 71, ..., vm. The adaptation procedure therefore

requires optimizing over all possible weights in w € A™. When m increases with n, the
adaptation to this growing number of parameters necessarily worsens the rate of decay for
the excess risk. We will not delve further into issue and focus instead on the case where
m is finite and does not increase with n.

Let us define the signal-to-noise ratio index p(h):

~ (T(xmhaw))Q
h) = max S r0 W)
P wedm v(h,w)

In this general setting, the adaptive choice of h is given by

, {min{h € H:7(h) > Culog(na|H|(m + 1))} if max p(h) > Clog(n.|H]|(m + 1)

argmax;, p(h) otherwise.
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where C, = 2.25(m + 1). Defining

(f(x()a h*a ’LU))2
V(hy, w)

Wy = argmax,,c am

we obtain the adaptive classifier
Ja(z) = L(T(x, hsyw2) > 0). (9)
The following theorem verifies the efficacy of the general adaptive procedure.

THEOREM 5.2. Let r be the solution to (2). Let f; be the data adaptive classifier
defined in (9). Then,

~ B+ 2ﬂ(1 a)
sup Eo(F) < CLrP+) | (log(n.[H]) log (2] /dmin)) Frmins v (1|5
(Poy- P ) €L (00, 8,7, 18)
where C', is a constant depending on m, L,d, o, 3,7, while Ypmin = min{1l, vy, ..., vm} and

Omin = min{do, ..., 0m}.

An important special case of the above theorem is the server homogeneous case,
where sample sizes and the privacy parameters are the same for every server, i.e., n; = n,
ej =cand §; =0 for 5 = 0,1,...,m. The following corollary bounds the excess risk of
the adaptive estimator for this special case.

COROLLARY 5.3. Let r be the solution to (2) with n; =n,e; =¢,0; =08 and v; =7
forallj=1,...,m. Let fy be the data adaptive classifier defined in (8). Then,

sup &olfo) < CL [Lﬁ&d“){ <n§ﬁ+d A (nggg)zaizd)

(PO7"'7P7YL)€H(O[757’Y7H)

B(1+a)
+ ((mn) T A (mn252)2ﬁ71+2d) } A 1}

where Lgf;da) is given by [(log(n*]HD log (2|7—[!/5))2B<1M)+d V[ H| B(HQ)], and C}, is a con-
stant depending on m, L,d,«, B,7.

6. Proofs

We divide this section into three subsections where the proofs for the main results, the
upper bound, the lower bound, and the adaptive estimator are respectively given.

6.1. Proofs of Results in Section 3
We first prove the theorems and corollaries in Section 3.
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PROOF (PROOF OF THEOREM 3.1). The proof follows from Theorem 3.4 by pre-
cisely deriving the value of 7 in the homogeneous setting. In particular, when n; = n,
v =1, €& =¢,and 0; =0 for j =1,...,m, the solution r to the equation (2) satisfies

< (ner® T A n2elr?P ) v (mnar?Prtd A mn2er?P ) <,

N

In conjunction with the result from Theorem 3.4, the different parts of the min-max
inequality above finishes the proof of Theorem 3.1.

PrROOF (PROOF OF COROLLARY 3.2). To simplify notation we define

2

2ﬂ+d 23+2d ,as: (mn)w*;d and ay : (mn 82)25‘#2‘1. (10)

al_no 7a2_((2)2>

By Theorem 3.1 we have that the minimax rate of excess risk in this case is given by
inf sup E(f) = [Lyas A 1] where as == {(a1 Aag) V (ag A ag)}y PO+ (11)
fEM(s 8) (Po,...,Pm)€ll

Case 1: (v € (1,7"]) We first consider the regime where 1 < v < 4™ for 4 .=

L [w — d|, since this shows the most number of phase transitions. The proofs

28 log no
for other regimes follow similarly. Note first that:
1 [(26+d)logmn
< — —d 2 d)l 20+d)l
12 55 | = (207 + d)log(ng) < (26 + d) logmn

<~ a1 < as. (12)

The rest of the proof proceeds in sub-cases based on the range of e.
Case a): (0 < e <eW) Since e < e := (y/mn)~! Ang', we have mn?e? Vn3e? < 1 and
hence as V aq < 1, and thus a; > 1. Thus & (f) = 1 in this case by equation (11).

E

Case b): (e <& < @) Since € < £? :=n, *, we have
as > a; and a4 < as.

Now a direct comparison yields that since v > 1

1
<) .= [(ﬂn)5+dn657*d} O s g > an.

This means
{(a1 Naz) V (az ANag)} = aq

when ¢ < ¢V, Similarly {(a; A as) V (a3 A ag)} = ag when € > ¢, This finishes the
proof for case b).

Case c): (5(2) <e< 5(3)) Comparing the expression we arrive at a; < as and ag > a4 in
this case. It is left to compare a; and a4. It can be checked that

e < @) — a; > ayg.



12 Auddy, Cai, and Chakraborty

Thus {(a1 A az) V (a3 A as)} = a; when € < @Y and {(a; A az) V (a3 A as)} = ag when
e > Y. This finishes the proof for case b).
Case d): (¢ > ¢®) In this case, we have a3z < a4. Since (a1 A az) < a; < az by (12), we
find that

{(a1 A CLQ) \Y (CL3 A a4)} = as.
This finishes the proof for case d). The proofs for other ranges of « follow analogously and
are hence skipped.

PROOF (PROOF OF COROLLARY 3.3). The proof follows from Theorem 3.4 by set-
ting m = 2 and €1 = oo.

PROOF (PROOF OF THEOREM 3.4). The proof follows by combining the conclu-
sions of Theorem 4.2 and Theorem 4.3.

6.2.  Proofs of Results in Section 4
PrROOF (PROOF OF PROPOSITION 4.1). We first show the RKHS norm bounds,

ie., for T, ,Ej ) and T}gj )" as defined in Section 4 of Auddy et al. [2024], we have

I = 1

4) _ x0)

1|1 ) 1>< Gy 1> Xy - X

= | =g [5EK0) —2(V -~ ) (VY - ) K | ——"
$n2pjh2d [2 © <1 2\t 2 h

< VK

= o pd
n;h

for j =0,1,...,m. The proof then follows using Corollary 3.5 of Hall et al. [2013].

PrROOF (PROOF OF THEOREM 4.2). To get started, we state the following concen-
tration inequality on T,E] ), which holds for any fixed h € [0, 1].

LEMMA 2. For any t € [0,cx2%Y) we have

-1
'L’th i 2 1 1 Uj
" Cup {Zu] (n] * n?s?hd> T o n; '

J=0

P (|Th(w0) — E(Th(wo))| = 1) < exp

where Cyp = (% V 1)[2972 gmax + 108(2/6min) /4]
It follows from the definition of {7, ,Ej ). 0 < j <m} that for zg € R we have
1 m 1 x—
ETh(w0) = 50 [ 2 |asobus (i) = 5 )] o0 (572) o
§=0

m

N % /:ri|56—:r0||<>0<hjz—;) {gj(x)uj (nj(x) - ;)] "k (93 _hxo> -
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where the second inequality follows due to the support of K. Note that:

o (52)e

gi(z)dr < cgp24t (13)

m

RUCBIED SV I 1

CK
2h% S uflco<h

| /\

Suppose 1g(zg) > -+L(2hv/d)?. This implies for any z € Xy (x0) := {7 : [|[1—200e <
h}, we have by the Holder condition that

1
no(zo) > §+L(2h\/g)5 — no(z) > ng(wo)— sup Lljz—zol’ > = for all z € Xy (z0).
IEX;L(Q?())

By part 1 of the RSE assumption, and similarly arguing for zp such that ng(zy) <
— L(2hV/d)?, we have

1 1
mo(xo) > 5 + L2hVd)? = ni(z) > 5 for all = € & (29)

—_

no(xg) < % — L2 = ni(x) < 3 for all x € &}, (zo).

On the other hand, it can be checked that By, (h/v/2) C & (x0). Consequently for zq € R?,
no(zo) > 1 + L(2hv/d)? implies,

ETh (JU())

= g 5 e ot = 3)) 3 (52

% /Xh(m) go()uo (ﬁo(l’) - ;) + igj(w)uj (770(3:) - ;)%] K (x _hx0> dz

AV

1 T — Xg
> u T ——L2h\f) / mK( )dx
> o ZJ (w) —g—rewvay)” [ sk (5
> u:C 20) — = — L(2hVd)? / (x)dx
= pd Z J no(xo) 5 ( d) zo(h/z)mAgJ( ) ]
bKC()

(14)

Zu] (170 To —2—L(2h\f))

where we use the notation Cy = 9 = 1. Here the three inequalities follow from (14), the
Holder condition on 7, and the ¢y regularity of PjX for j = 0,...,m respectively. The
rest of our proof follows the general principle laid out in Audibert and Tsybakov [2007].
We define

Xy = {z € [0,1)%: 2°L(2hVd)? < |no(x) — 1/2| < 2 L(2hVd)P} for k =0,1,2, ...
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Note that if z € X},

no(z) — % — L(2hVd)P| > 2 L(2hVd)® — L(20Vd)? > 2FL(2hVd)P /2

for k > 1. Since by (13), we have |ET}(x0)| < cx2%! for all 2y, we have using Lemma 2
that

o~

e
— [ gtao) {B(Ti(e0) < 0) = T (mlzo) < 5 ) | (2ntan) ~ i
AL(2hVA)PP(X € Xy) +8L(2WVd)PP(X € X))

-1
S BT} (2))2h? [ 2u2 .
5 et e G (T ) o
=92 k U j

0<j<m n;

< AL(2hVd)PP(X € Xy) + SL(2hVd)PP(X € &)

+ kﬁ;/& 9(w0)(2n0(z0) — 1)daox

2 -1
bcgh? gh? | & T pBi . u Y
“@{ 2owC (LYY W S e | (-

224450, -
j
(15)

In the rest of the proof we will use the choice of h = hgps Where hyy s is the solution
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to (4). By definitions of u; we have for h = hgp s that

m k 3 ? m u2 (5 B
Vi [ S—— '
Opt 6 Z (2 L Q\f) ) Fopt.s Z nj N n e2pd * Ugljaﬁ)fn nj

j=0 ] opt,0

2
= opt 1) (Z CJ /\ n252hopt 6)hf;g§ (QkL<2\/&) ) hf;Z(S)

7=0
2.21d
zm: i A s 52hd 257, 1+ max M
opt,é 0<j<m n;

2
m
> min{1,Cy,. .., Cp (223 L2d) (Z( An%?homhf;zghf;z(s) Hopt
j=0

-1

-1
m
2/7;
X {Z(n] /\n g; hopt (5>hopt’g}

=0
m
> minf1, 0, ..., Cu (23 L2y (Z Al opt5>hiflg+d)
7=0
> min{1,C, ..., Cp,}2 (223 L2d) i log ((5 )

where the last two inequalities follow since hgpt s solves (4). Plugging this lower bound
into (15) we have for h = hop s that

-~

E(F) < 8L2hopn V) BlIng(X) — 1/2] < AL(2hopn V)"

S (2L (2hope sV VB0 (X) — 1/2) < 2 L2 V) x
k=2

b2-c2log (2/0min) min{1,Cy, ..., Cp, }? .
X exp{ A0 22445, (22k+3L2d)%"“

< CL(2hopt sV )P (2L(2hops. sV d)%)*
< CLlJra\/&B(lJra)hﬂ(lJra).

opt,d

for a numerical constant C' > 0. The second inequality uses the margin assumption. To
finish the proof we relate hyp: and hgp s as follows.

Let us define a function Ag : [0,1] = Ry as Ao(r) = 372 (nj An3edrd)r2#774 Then,
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for kg = (log(2/min))"/ 2P 1mintd) we have

)2Bw +d

[
NE

)\Q(Kohopt) (nj A n?{f?(hoptl@)d)(hopt/io

.
Il
=)

( i A\ TL] €5 hopt)(hopt’%o)zﬂw+d

\%
Ms

<.
Il
=)

v

m
268min+d 2pd \p2Bv+d _ 26%mintd _ 2
Ko E Z(TL] A njgjhopt)hopt7 Ko K - log <5 . ) ’
S min

where the first equality follows since hqp is the solution to (2). Note that the function
Ao(+) is increasing. By the definition of hgp s from (4) this implies the relation hgp s <
Kohopt < hapt(log(2/(5min))1/(2/87"““+d). This finishes the proof.

PrROOF (PROOF OF THEOREM 4.3). The main tool for accomplishing the lower bound

is the Assouad’s Lemma. We construct m + 1 family of distributions P}, o forj=1,...,m
and Q,, 0 € {—1,1} and applying Assouad’s lemma on the family ]P’T PT< : . X
PT(m) QT( ' where PT denotes the distribution of the 7@ (T(J is the DP transcript

obtained from np, samples coming from P;,) and Qg(m is defined similarly.

We borrow the construction of Pj, and (), from Cai and Wei [2021]. To apply
Assouad’s lemma we look at o,0’ € {—1,1}* that differ at only one element i.e. oy # o},
for some k and o; = o} for all i # k. We bound the total variation distance between P,
and P, and also between ), and Q..

QO’)QO’ - 2/:“ 2|7700 UO,U’(‘T)‘d‘T

1 1
— Y o(-(1+Cyf)-(1-C 5>d
2 B(a,r) M B(zg, 7)) (2( 5r") 2( sr7) | da

= C'ng“ﬁ

Similarly we can show TV (Pj 4, Pj o) < C,, CY wrPY Next we would bound the KL diver-
gence between Q,, Qy.

KL(Qs, Qo) = ;/,u(x) [UQ7U(x) log (77Q,a(l’)> +(1- 77Q,cr(17)) log (1—7]62@(1'))] dx

exacy 1 =10 ()
1 w 1+ CﬁT"B
< — - CsrPlog | —=_ | dx
=2 Jpam ABlag,r)) 28 <1 - cﬁrff)
< cCéwrw

The last line follows if r is chosen such that Cgrﬁ < 1. Similarly, we can show that
KL(Pjs,Pjos) < cCﬁCé”wrQﬁT For the sake of brevity we denote P, := Q5.

We now use Lemma 1. A similar lemma for the federated non-interactive setting can
be found in Cai et al. [2023b].
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Let us define S := {j : ¢; < (rn;)~"/2}. Choose w = r? and M = (% )77 first we
show that for j € .S, &; < Chpy = c, C’ ’.

= Py y Vi 0B
gj < njejpj < njeiCr, Cg'r™Y
Now we upper bound njsjrﬁw.
o .pBvitd
n;e;r

1/2
(Z?:o(”j A n?e?rd)rw%'”)

nje; B+

e BYitd
n;e;r T =

IN

2
((nj A n rd)rzﬁ”fﬁd) Y
njerdtd
(n €2 Tdrw“/ﬁd)

where we have used the fact that j € S. Hence we have that £; < ¢g,, which implies that
gj(e —1) < c’ﬁmé?. Next let us upper bound

g (€9 —1)+ Y mKL(Pg, Por) < ¢ > 6+ Y mjeCICT 00t

jES jeSe JjES jeSe
< CB’Y Zn r2B% 4 Z anQﬁ’Yjer
jES jese
= CB - Z n252r2ﬁ'“ An; p2Pvtd | — cg’,y
jES

where we have used our choice of r as in (2). We can choose the constants appropriately
such that ¢ | is arbitrarily small. Next lets look at the last term in (6) and observe that

> ein;dip; < ey njd; = o(1)
J

jes

where we have used the fact that £; < ¢, and p; < 1. Hence we have that TV (PL,PZ,) <
1/2 for appropriate choice of the constants. Next in order to apply Assouad’s we need to
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lower bound the risk for neighboring distributions.

Ro,(f) + Ro, (/) =2Bx~qx., (‘WQ(X ) - % ' ]l{ﬂm:fgga()c)})

1
+ 2EXNQx,0/ ('UQ(X) - 2‘ ]]_{]/‘\(X):fé*/(X)}>

M
1
=2 / SCLTLRN B TIPS N d
B 30 (i), o))

> OgrP - | 1ya + 1. d
_/B(IM)M(:U) BT ( {F)=15, @} {f(z)_fé*l(x)}) x

=Cyuwr”.
Hence by Assouad’s Lemma we obtain that for all distributed DP estimators f,

M 1
Cpwr? <1 — 2> = P+

6.3. Proofs of Results in Section b
PrOOF (PROOF OF THEOREM 5.1). We break the proof into several steps following

Cai and Wei [2021]. The first step is to derive a concentration bound for T'(z, h, w) around
its expectation, uniformly over x € [0,1]¢, h € H, and w € W(h).

LEMMA 3.

T(x, h,w) — ET(x, h,w)
UO(h7 w)

> ji,/mg@n*\m)) < n2

To allow the probability guarantees to hold uniformly over the adaptation procedure,
we define a new optimal bandwidth similar to (2) and (4). Let hqqdq,0 be the solution to

P su
z€[0,1]¢,heH,weW(h)

(”0/\(”%(50/|7'¢’)27“d))""2ﬂ+d+zm:("jA(”?(%/W)zrd))?"%”d = 2log(2n.|H|) log (QW) :

j=1 émin
(16)
Next, let F 40 be the high probability event described in Lemma 7, we know that
P(E4p) > 1—2n;'. Next we define

Yo = 20¢0h5da,0 (17)
for Cy, := 2L(2v/d)? v [2%3 /(cobgc )]/ Mmin. We also define

Gy = A{ 2 |ng(x) = 1/2[ = 4o}

LEMMA 4. If h < hgda o and x € Gy, we have that
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i) when f*(x) =1
ET," () > cobic(t0/2)(1/2)%, and BT () > cobic(t0/2)"(1/2)%, for j=1,....,m
it) when f*(z) =0,
BT, (x) < —cobi (v0/2)(1/2)%, and BT () < —cobic (10/2)7(1/2)¢, forj = 1,...,m.
LEMMA § Under Eayp, if v € Gy, and hg < hadao, then the output of the algorithm
is correct i.e fo(x) = f*(x).
LEMMA 6. For all x € Gy,, Jo(x) = f*(x) with probability at least 1 — ot

Now to complete the proof of Theorem 5.1, let us denote by Fuqq0 the event that
fo(z) = f*(z) for all 2 € Gy,. We then have

BEo(f) = Ex |[n(X) - 3| 1600 # 1(x))
< Ex |00 - 5[ 100 # £ 0O Buin)| + (Ezang)
< B |[000) = 5| 1X ¢ G L Batao)| + P(ESuag)

1

< PP <‘77(X) - 2‘ < 7/)0> + P(Egga0)

< (C() -+ 1) é+a
To complete the proof we now relate hgdq0 and hep. Let Ay : [0,1] — Ry be a function
defined as

Ai(r) = (no A (ng(eo/|H)*rD))r? T+ "(nj A (n3(e;/|H])*rd))r?7 T,
j=1
Let us then define
k1 = (210g(2n.|H|) log (2| M| /Gmin) )Y/ FPANDFD /3 2/d,
Then
)\1 (thopt)

= (no A\ (ng(c0/IH])? (K hopt) ) (R1hope) ¢ + Z_:(nj A (03 25/ IR (K hop))) (it hope )7+

25(1 d 2Bv;+d
> 13 DTS (g A (02 (e /M) H PR ) i

=0
_ H?B(Mv)ﬂl > 2log(2n,|H|) log (2|H]/Omin)

where the equality holds since hgy solves (2). Since Aq(-) is increasing, we have hggq0 <
K1hopt, and thus

B 2
W < 20,1, ((210g(2n. | H]) log (21H] /min)) 5 V [H]7)
This finishes the proof.
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PROOF (PROOF OF THEOREM 5.2). The proof is identical in structure to the proof
of Theorem 5.1.

LEMMA 7.
T(x, h,w) — ET(x, h, w) 3 2
P sup > —1/(m+ 1) log(n.|H|(m+1 < —
(:cE[O,l]d,he’H,wEAm U(h7w) 2\/( ) ( ‘ |( » Ty
Similar to (16), let hyq, be the solution to
- 2 2. .d\\,.287;+d 2 2|H|
D (g A (5 (e [H)Pr) 204 = (4 1) og(na M| (m + 1) log (5 ). (18)
Jj=0 min

Let E4 be the high probability event described in Lemma 7, we know that P(E,) >
1 —2n;!. Next we define

¥ 1= 2Cyhag, (19)
for Cy := 2L(2V/d)? V [272Cnis [ (cobic )]/ min. As before we will utilize the set
Gy = {x : ng(e) —1/2] = ¢}
LEMMA 8. If h < hygq and x € Gy, denoting o = 1, we have that
i) when f*(z) =1, BTV (2) > cobg (1/2)(1/2)4, for j =0,1,....m
ii) when f*(z) =0, ETY (x) < —cobr (1/2)(1/2)% for j =0,1,...,m.

LEMMA 9. Under Ex, if v € Gy and he < hgaq, then the output of the transfer
homogeneous adaptation algorithm is correct i.e fo(x) = f*(x).

LEMMA 10. For all x € Gy, fa(z) = f*(x) with probability at least 1 — y'+e.

_ Now to complete the proof of Theorem 5.2, let us denote by F,4, the event that
fa(z) = f*(x) for all x € Gy. We then have

BEq(f.) = Ex ||[n(X) - 5| 170X # ()]
< B |[0(X) = 5| LX) £ £ ()L (Bue)| + P(EEw)
< B |[0(X) = 5| 1X ¢ Gu)L(Euin)| + P(BEw)
1

< P (’n(x) — 2’ < w) + P(Eggq)
< (Co+ 1)yt

To complete the proof we now relate hygq and hep. Let Ag @ [0,1] — Ry be a function
defined as Ao(r) = Yo (ny A (n3(e;/[H])?r?))r?P5+4. Define

k2 = ((m + 1)* log(na|H|(m + 1)) log (2H] /druin)) !/ CFTmntD v 3|2/,
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Then

o) = 301y 56/ ) )

2 min d 25 +d
Z /B'Y " Z nﬂ 8J/‘;L[D ‘H| hopt)) a]m‘jyJ

where the equality holds since hqp solves (2). Since Ao(-) is increasing, we have hqgq <
Kohopt, and thus

__ B 2
¥ < 20uh(((m + 1) log(n.|H| (m + 1)) log (2/H] /din)) Fmine V [H] )

This finishes the proof.

PROOF (OF COROLLARY 5.3). The proof follows from Theorem 5.1 by plugging in
the analytical form of the solution r to (2), which can be found from the proof of Theo-
rem 3.1.

7. Proofs of Lemmas

PROOF (PROOF OF LEMMA 1). Let us denote the conditional distribution 7' | T() =

t,T® = ty,... ., T™ = ¢t by PL® where ¢t = (t1,...,tm) and the data is generated
from Py ,. The notation T(t) denotes the random variable T when we fix the values of
(T, ..., 7)) =t making the dependence of T on (T, ..., 7)) explicit.

Now we can obtain as a corollary of Karwa and Vadhan [2017] (by conditioning on
{T(])} ", throughout) that

DEEIO PI®) <eb and D@LV, PIO) < b wieT™

where ¢ = 6nogoTV (P, Poo) and & = efénOJOTV(P07U,PO7U/). We denote for j =
1,...,m, Téj ) the random variable 7() when the underlying data is generated from Pj .
TG

Let us denote the marginal distributions of Téﬂ ) by PI™" . Similarly we can obtain that

’

DLMPT? PI) < % and DLMPLY PIV) < e forj=1,...,m

where €} = 6n;e;TV (Pjq, Pjo) and & = e“in;0;TV (Pj 4, Pj o). We will use the following

lemma.

LEMMA 11. LetY and Z be such that PY < P?, DS (Y| Z) < e and D3 (Z||Y) < ¢
Then, there exists random variables Y', Z' such that

Dry(Y,Y') < 8, Div(Z, 2') < 6 and Do(Y'||Z') < &, Doo(Z'|[Y') <. (20)
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Using Lemma 11 there exists random variables T, (¢) and T, (t) with corresponding

measures denoted by P?(t) and Pz,(t) such that
Doo(PT® PI®) < o8 and Do (PI® PT®) <! vieT™

with DTV(]P)ZU’L)7 Pz(t)) < 20 for all t and x € {o,0'}. Similarly, for j = 1,...,m we have

)

that there exists random variables Téﬂ ) and Tg with corresponding measures denoted by

]P’?:(j) and IP’?” such that

Doo (]P)Z‘(J') ’ ]P)T(J‘)) < 53 and Doo (]P)Z‘(J') ’ ]P)'j‘(j)) < 59

o’ o’

with DTV(IP:,{Fm,IP’z(j)) < 20’ for all k € {o,0'}.

Now fix a set S C [m]. Next let us define for j = 1...,m TY as TV if j € S
and T otherwise. Similarly define T,(t) as T,(t) if 0 € S and T,(t) otherwise. Next
we define T/, T as the marginal distribution of T,(t) , T,(t) respectively where # 4
Tdm) — (T(Sl), . ,T(Sm)). Also define T, as the marginal distribution of Tg(t) where
t L pm) = (fél), e ém)) Finally we define T, as 77 if 0 € S and T, otherwise. By
the triangle inequality,

Dry(P].BL) < Dry(B]. L) + Drv(B].BY) + Drv(B] BY).
Next we bound the second term, consider the case that 0 ¢ S
Drv(B].B) = Dry (B]. BY)

S DTV(PT(lnL) ’ ]P)T(lz'm))

o g

< ZDTV(P?(J')7P§(J')) < 225;
jeS jES

where the second inequality follows from the data processing inequality. Now we consider
the case when 0 € S, and in that case

Dy (Pa%, PT) = DTV(P?; P?)
< Dty (Pi PZ) + Drv (PgTa P?)
S EtNT(lzm) DTV (]P)z:(t)’ PZ‘(‘[Z)) + DTV (]Pjgj(lm) ’ ]P)T(lm))

< ZDTV(PZ“(J')’PZ“(J')) <9 25;
jeS JjES

where the second inequality follows from triangle inequality. The third inequality is a
consequence of the convexity of the TV distance and data processing inequality. Similarly

we have that Dpy(PL,PL) <23 ¢
We now state another lemma.

LEMMA 12. If Do (Y, Z) < e then Dk (Y, Z) < e(e® — 1).
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Now we can use Lemma 12 to conclude that Dk, (IP’T(t) }P’T(t)) < gf(e®o—1). Similarly,

we can show that Dy (PLY, ]P’Z,(])) < eli(e 7 —1). We now tend to the term Dpy (PL, PL).
By Pinsker’s inequality, the independence of the transcripts given the data generating
process and the chain rule for the KL-divergence (we only need to condition for the first

server as that is the only place interaction is happening) using Theorem 5.3.1. from Gray
[2011] we have that

Dy (P, PT)
2 Dx,(PT, PL)
< \/QDKL(PJT’TUW) ) ]P):}F/T(LM))

_ \l2 / DxL (P?(t),PUT,(t)) dIP’f(” % dIP’TW )+ 22 Dy, PT(”,PUT,”))
j=1
If 0 € S then the first term is bounded by ej(eo — 1) because each term is uniformly
bounded by this very term. And if 0 ¢ S we use data processing inequality to conclude
that DKL( ) ]P)T(t)) < DKL(]P)m ]P ) = noDKL(POJ, P07U/). We can similarly show that
ifjes DKL(]P’:;F(]),IP’Z,(J)) is upper bounded by 5;»(653 — 1) and by n;Dkr(Pjs, Pjo) if
j ¢ S. Combining everything we have the lemma that we desired to prove.

PrROOF (PROOF OF LEMMA 2). Forany 1 <¢<mnj, j=0,...,m we define

)
4 _ @ 1 X7 —xo
T = (Y )K(h )

Note that since \Yi(j) —1/2| =1/2 for all , j, the variance of Ti(j) is bounded as

1
2 = max Var(T?)) < hd/ K(1))? th)dt
0% = max ar(7;") < T2 [—1,1]d( (t))"g(xo + th)

62
< K / th)dt
~ 2hd ( [—1,1)¢ (0 + th) )

2
K (od
S Thd (2 gmax) .

Similarly we have the almost sure upper bound
1 CK

ax K(u) < —.
g mas KW < 5
Therefore we can use Bernstein 1nequality to write:

-1
Z 4 Z (T —ETD)| >t | < exp{ —t2h* C%(Qdflgmax)zf + CLmaxu—]A
Pl 2 3ny

]T(])| < Y(J)

7=0 "y =1
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for any 0 < t < cx (29 L gmax ), where Cy = ¢;2%71. By Gaussian concentration inequalities,
the following bound holds true.

U 2cK 10g(2/6j)

—1
; t2 U |
P ED(z)| >t | <exp{ — :
(;} njejhd c2-10g(2/6min) j;n?s?h%l
(22)
Note that
N m ooy ' ) _ ujy/2ck log(2/45)
- Uj (J)_l X; To j K 108 )
Tag) = g{njhdg(m ) i (S ) B
7=0 =1
m 1 n () QCKlog(Z/(Sj) )
=2 w2 L+ §9 (o)
jz—;) J{”j; nje;h

where £ () “ N(0,K(0)) for j =1,...,m. Then, combining (21) and (22) we get

-1
P(|T(z0) = ET(x0)| 2 t) < exp (— Cor {Z“g <n] + W) + e o .

=0

for any ¢ € (0,1), where Cy, = (% V 1)[2973 gmax +108(2/0min) /4] This finishes the proof.

PROOF (PROOF OF LEMMA 3). We will first prove that a uniform concentration
bound over x for T}, for each fixed h € H, whence a union bound over i will prove the
result. For (a,y, z,w) € [0,1]¢ x {0,1} x [0,1] x A™ let us define the class of functions

e s (o= 1) () - S, (v ) (55 sy

Since K(-) is Lg-Lipschitz, and |y — | = 1 for y € {0,1}, we can follow the proof of
Lemma 14 in Kim et al. [2019], to obtain that the covering number N (Fy, Lo, n) satisfies

((LK/CK)h_l + 1)0[(
n

Since |Y; — 1/2| = 1/2 for all ¢, we have

d
N(Fn, La,n) < ( ) for all n € (0,ck) and j € {0,1...,m}. (23)

1 X —z CK
a::sgphd(Yl/Q)K< . )‘Sth (24)
1 X -z
2= E{Y—122K2( )}
o xes[tég]d 72 /2) -
1 92—
ot [ (5o

1 9 CK Gmax / CK Jmax
e < = .
- / K3 (0)g(o + thyde < TIme [ (p)ap = K0 (25)
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Let us define the vector

-
wh(h) = ny A nie?hd ny A nie3hd T An2 g2 hd Am-1
SLyng Anethd’ ST ny Angeihd’ T YT ny Aneshd

so that we can write W(h) = {(wo, (1 — wo)w'(h)) : wy € [0,1]}. We define

]:1

Note that for j € {0,1,...,m} we have

sz (X(J) v, (wT(h))j T(h)>‘

sup |TfES)( = — sup -
j=1i=1 J

z€[0,1]4 feFn

leading to the upper bound

m 2

py hd (26)
1

E sup ‘TfES)(x)’ < CJ (dJF 1)CKgmax lOg( (LK + ¢k /\/ CKgmax
J

z€[0,1]¢ —

where we use the bounds from (23) and (25) along with Proposition 2.1 from Giné and
Guillou [2001]. We next define:

Z;= sup [T (x) — BT (w)
z€0,1]¢

By Talagrand’s concentration inequality, in particular the form given in Theorems 1.1 and
1.2 of Klein and Rio [2005] we obtain:

1 n;it? nit; )
P<’Zj_EZj|th)gexp[_Qmm{ijL]QI]EaZj’ BJCLJH for j=0,...,m

where a and o2 are as defined in (24) and (25) respectively. Since a fixed linear combination

of sub-exponential random variables is sub-exponential, it follows that T}Es)(a:) satisfies

o )

L (e iy, R /
< exp [—Qmm{t (jz_;nj(a —|—2CLEZ]‘)> ’3amin{(’wT(h))j/"j}}

We next bound the Gaussian processes £U )() By Dudley’s theorem [see, e.g., De la Pena
and Giné, 2012] we have for a numerical constant C' > 0 that

sup 7, (z) ~ Esup T, ()

(27)

. 1 9 d
E sup 5(])(33)§K(0)+C/ 1og{(1+0> }dagc\/& for j =0,1,...,m. (28)
0

z€[0,1]¢
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Moreover, sup, E(¢U)(z))? = K(0) < ck for j = 0,...,m. Notice that writing the noise

2crc log(2|H|/8;)|HI?
variance as o3, = i log f’;—c[l‘/ bl we obtain that
s - 0j.pv i
67() = 2 (wl(h); 220 ()
j=1 G

is a mean zero Gaussian process with covariance kernel

t — 1o

Covlef? 1), 6 12) = 1€ (52 ) St )3 2.

By Gaussian concentration inequalities we therefore have that

]P’( 1 Zt) < exp [—t; {iﬂ W}_ll . (29)

sup & (x) ~ Esup &, (x) 3
J

Combining (27) and (29) we obtain
P (sup(1,7 @) + € 0) — Bsup(T}7 ) + € 0)| > 1)

ex _1 min { 2 . w! 2 o’ + 20EZ; 0J2'7pvt - t
= exp [ 2 {t (12—:1( <h))] < n; * n?s?)) "3amin{(wt(h));/n;} }]

Now using (26) and (28) it follows after some calculation that

sup T (2) + €9 (2) — BT (2)]

S Ci(uﬁ(b))j (\/(d + 1)CKgmaX log(ii[fzf + CK)/\/ CKQmax) U]Z:tgf)
43 log( )(; (n] T 7;;;5))
< [1oe (%) (;w%»? (?’n ' 9;)) - iwh, . wim)ios (7)) (30)

with probability at least 1—1/2, provided v < 3n ! for a sufficiently large constant C' > 0.
By an identical calculation one can show that

Veerlos G5,

noEghd

< ;\/vo(h, (1,0,0,...,0))log (i) (31)

sup| 1, (z) — ET," (z) +

(-’r)‘
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with probability at least 1 — /2 provided v < ng ! for sufficiently large ng. Note that
T(x,h,w) — ET(z, h,w) is a convex combination of the two quantities on the left hand
side of equations (30) and (31), with weights (1 —wyp) and wy respectively. Moreover, note
that

wor/vo(h, (0,0 (h))) + (1 — wo)y/wo(h, (1,0,0,...,0)) < V2 vg(h,w) for all w € W(h).

1

|H |4
to obtain that, for all w € W(h),

Therefore, choosing v = , we now combine equations (30) and (31) by a union bound

sup
z€0,1]¢

T(x,h,w) —ET(x, h,w)’ > 3\2@\/10g(2\7-[|n*)\/v0(h,w)

with probability at most

2
Hin. Finally taking a union bound over all possible h € H
Tox
finishes the proof.

PRrROOF (PROOF OF LEMMA 4). Assume f*(z) = 1, we know that |ng(z) — 1/2| >
Yo because ¥ € Gy,. By (17), since h < hagq0 We obtain (L(2hv/d)?) < 1y/2. Moreover,

since f*(z) = 1 we have that ng(z) > § + L(2hV/d)?, so that we can use arguments
identical to (14) to get

. b 1 i
ETY (z) > g—d% (nQ(xo) —5 L(zh\/&)ﬁ) .

Since (L(2hVd)?) < 10/2, we have that

ET\Y (x) > cobx(1h0/2)" (1/2)°,

for j =0,1,...,m. The case when f*(x) = 0 follows similarly.

PROOF (PROOF OF LEMMA 5). Since hg < hggq,0 this implies that kg < oo so the
algorithm stops at hg. By the stopping rule we know that:

po(ho) = Citip log(2n.|H|) log(2|H] /dmin)

where .
|T(x, ho, w)]|
max —————

po(hy) = .
PO( 0) weW (ho) \/1}0<h0,w)

Let w, be one of the values for which the RHS takes its maximum. Then we would have

T (x, ho, w,)| > \z\/log@n*\?-[!)\/vo(ho, Wy).
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By definition of E4 we have that under E4 o:

’T(:c, ho, w,) — ET(x, ho, w,.)

3
< \ﬁ\/log(ZnJH])\/vo(hg,w*).
Combining the two inequalities we have

T (@, ho,w.) = BT (2, ho, w.)| < [T (@, ho,w.)],

which implies that
sign (T(m, ho, w*)) = sign (ET(]J, ho, w*)) £ 0.

Note that since hg < hgdq,0, given € Gy o, by Lemma 8 we have when f*(z) = 1,

ET(x, ho, w.) > cobx (¥o/2)(1/2)% + icobK(wo/Q)"Y(l /2)4 > 0,

=1

and when f*(z) =0
ET (, ho, wy) < —cobx (100/2)(1/2)4 — f: cobr (10/2)7(1/2) < 0.

So

sign (f(m, ho, w*)> = sign (]Ef(x, ho,w*)) = {1 %f [(z) =

Hence fo(z) = f*(x).

Proor (ProoF OF LEMMA 6). We will show that under the event E4 the algo-
rithm stops at haqq,0 if it does not stop earlier.
For all x € Gy, N {z : f*(z) = 1}, we apply Lemma 4 to get that:

BT (2) 2 cobc(to/2)(1/2)" >

CobKCw B
2d X hada,O

CobKC’yO

BT, (@) 2 cobie (/27 (1/2)" 2 2 x W, forj=1,...,m.  (32)

The rest of the proof can be separated into two cases.

. 2 91d 28+d m ) 2.27d 2By+d
Case 1: (no A 1E0Mada,0) adan = 22j=1(ng A 15€5hG40,0)Paga” -

. 2.21d 26+d m ) 2.21d 2Bvy+d
Case 2: (ng A nOEOhada,O)hada,O < Ej:l(n] N njgjhada,())hadaﬂ :
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Since the steps are analogous, we write the rest of the proof only for Case 1. This
implies

hﬁd 02 2(hada,0)? 1
ada —_ d 2 5
f aéaO
> 200 A B0 HDPh ) (P
2(n0 N nO(EO/’H‘) hada,O)h’ada,O

1 m
> A 24\2pd . Y 2Bk+d
a \/2(”0 /\”3(50/’H\)2h2da,0)h2dap \IZ T nk (er/1#2])*Poqa) ada,0

k=0

B log(2n.|H|) log(2|H|/min)
= 2 2 (33)
(no Ang(eo/|H1)?hGga 0) a0
where in the second last line we write 9 = 1 and v, = v for k = 1,...,m; while the last

line follows by (18). Thus for any z € Gy N {z : f*(z) = 1} we have by (32) that

log(2n. [ H]) log (2] /)
E7© 6
o7 2 0| G N o T 2R, A,

where the last step uses (33). Along with the uniform concentration inequality from
Lemma 3 used with w = (1,0,...,0) and h = hggq,0, We have

(z)] > 3J log(2n.|H]) log(2|H]/dmin)
(

no An(eo/M1)*hig0.0) a0

whenever x € Gy oN{z : f*(x) = 1}. In the other case, i.e., when z € Gy oN{z : f*(z) = 0}
we similarly have

0 0 0 0
7 (@) 2ETY) (2) - |1, (2) —ET")

adaO adaO h ada,0

70 (2) <ETY (2)+|T})  (x) — ET})

hdo hada,0 hada,0

) < .| 1B g2l )
(no Amng(eo/[H])*hig, O)hgda 0

Combining the two cases above we obtain

log(2n.|#]) log(2|H|/Omin)
(no A g (e0/IH1)*hgga,0)Poda0

By definition of p(-), we have for the choice of weights w() = (1,0...,0) that

(1) (@ >>2>4.5<

~ ~ 0
_ (T(@, hadasgs 0))* _ (T, hata,w0))? (Do, (€))?
Po(hada0) = sup > = '
WEW(hadao)  V0(Pada,0, ) 00(hada,0, W(0)) 00(hada> (o))
> 4.5log(2n.|H]).
Thus under event Ey, for all © € Gy o, we obtain by the definition of hy that since 7(-)
is monotonically increasing, we must have ho(z) < hada0(x). By Lemma 5, it follows that

fo(z) = f*(z) for all z € Gy,
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Next note that under case 1 above,

1/2
log(n*|7'l|) N
= e hE) > 2 20,
0 voadad = 00 ng And(eo/[HN?heg0) T

by definition of n,. Since by Lemma 7, the event F4 o holds with probability at least
1—2n7t > 1 — 3", this finishes the proof.

PRrROOF (PROOF OF LEMMA 7). The proof is very similar to the proof of Lemma 3
and we highlight the important differences. Similar to (26) we can write for 0 < j < m
that

sup| Ty () — ET/ ()]
<C (d+ 1)CKgmax lOg(SLK\/CK/\/ gmax) CK Jmax IOg((V/(m + 1)) )
- njhd 2 4n;h?

3CK Gmax log((m + 1) /v)
- 4n;h?

with probability at least 1 — v/(m + 1) for large enough n;, provided v < n;l. Adding
the above bounds we have by the triangle inequality that

Z U)JT(]) Z w]T(J

7=0

maxl 1
P sup Z 3ckg og((thL )/v) <,
z€[0,1]¢,weA™ 47”Ljh
(34)
assuming v < min;n ] . We next bound the Gaussian processes 5(3)() By Dudley’s

theorem [see, e.g., De la Pena and Giné, 2012] we have for a numerical constant C' > 0
that

E sup §(j)(x)§K(O)+C/01\llog{<l+i)d}da§0\/&

z€[0,1]¢

Notice moreover that sup, E(£Y)(z))? = K(0) < cg. Thus we have by Gaussian concen-
tration inequalities that

P( sup r£<f‘><x>\z;w:Klog((mH)/v)) <

z€[0,1]¢ m+1

which implies for v < nj_l and sufficiently large n; that

y/2ex Log 2[H1/3;) ]

d
n;eih

f(j) (z0)

sup
z€[0,1]4,weAm

wj

7=0

m .\ [45ck log(2|H] /6;) log((m + 1) /v)
<2 (&5 [T
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with probability at most v. Choosing v = we then have

1
|H|n.

T(z, h,w) — ET(x, h,w)’ < ;\/(m + 1)ck log(|H|ns(m + 1))\/v(h, w)

sup
z€[0,1]¢,weA™

2
with probability at most W, where the last line follows by the definition of v(h,w) in
T

comparison to the right hand sides of (34) and (35). Then taking a union bound over all
possible h € ‘H finishes the proof.

PRrROOF (PROOF OF LEMMA 8). The proof is identical to the proof of Lemma 4 and
hence omitted.

PRrROOF (PROOF OF LEMMA 9). The proof is identical to the proof of Lemma 5 and
hence omitted.

PrOOF (PROOF OF LEMMA 10). Similar to the proof of Lemma 6, we will show
that under the event E4 the algorithm stops at hgq, if it does not stop earlier.

For all z € Gy n{x : f*(x) = 1}, we apply Lemma 8 to get that for any j =
0,1,...,m,

; ) CobKC’Yj .
ETY) (2) > cobre(4h/2) (1/2)" = =2 x . (36)
The rest of the proof can be separated into (m + 1) cases.

hQ/B’Yj-‘rd

ada

Case j: (nj A n?s?hgda)
{0,1,...,m}.

Since the steps are analogous, we write the rest of the proof only for Case 0. This
implies

= max {(nk A nieihida)hzgzﬁd 0<k< m} for j €

1 1
hfda > \/ﬁw\/(m + 1) (hada)?P 4
ada

1
>
- \/(m + 1) (no Ang(zo/ M) hGg0) Poaq

1 = 2B,+d
§ \/(m+1)(n0/\n(2)(€0/|7‘l|)2hd i, JZ(nkAni(sk/mb%zda)hadz "

v/ (m 1) (ng And(eo/IH1)2h ) (hada)25+

ada/'"ada k=0
_ \/(m + 1) log(n.|H|(m + 1)) log(2|H|/Omin)
(n[) A n(2)(50/|H|)2hgda>hgda

where the last line follows by (18). Thus for any z € Gy N{z : f*(x) = 1} we have by (36)
that

(37)

ada

T To (741 (m & 1)) log 21741 /)
ETO (o) > ac, . [ F
P () = 4Cunig (no A n3(eo/[HIAE A,
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where the last step uses (37). Along with the uniform concentration inequality from
Lemma 7 used with w = 0 and h = hgyq,, we have

(m + 1) log(ny|H|(m + 1)) log(2[#|/dmin)

0 0 0 0
110, 0) 2 B1O, (0)-1710, ()62, o) >y DDA 4 ) s

whenever z € Gy N{x : f*(x) = 1}. In the other case, i.e., when z € Gy, N{x : f*(z) =0}
we similarly have

0 0 0 0
70 (2) < BT (2) + 1 (2) - BT (2)]

- s ¢<m+ 1) log(n.|H[(m + 1)) log(2|H| /Gmin)
(no And(eo/|H])2hes,) R4,

Combining the two cases above we obtain
2 log(n.|H|(m + 1)) log(2|H|/Omin)
())*>9 5 rdd :
(TZO A n0<€0/|H’) hada)hada

By definition of p(-), we have for the choice of weights wy = (1,0...,0) that

1 21og(2|H|/0min)

X T3 H2h2d -
1o ng(eo/|M])

ada ada

(T(O)

hada

T(x, hada, wo) = T,ES()m(x) and  v(hada, wo) =

and hence

~ 2 - 2 T(O) 2
P(hada) = sup Tz, hada, w)) > (T2, hada, wo)) = Tho ()
wEA™ U(hada, ’LU) U(hada7 wo) U(hadav wO)
> 2.25(m + 1) log(n.|H|(m + 1)).

Thus under event Ey, for all # € G, we obtain by the definition of h, that since p(-) is
monotonically increasing, we must have h,(z) < hggq(x). By Lemma 9, it follows that

Ja(x) = f*(2) for all 2 € Gy,

Next note that under case 0,

1/2
l+a _ hﬁ(1+a) S log(n.|H|) > 9L
(0 Cyllyda = Cy o /\n%(eo/]?{\)th = AT

ada

by definition of n,. Since by Lemma 7, the event F4 holds with probability at least
1 —2n;! > 1— 't this finishes the proof.

PROOF (PROOF OF LEMMA 11). This is earlier stated and proved as Lemma C4 in
Cai et al. [2023D].

PROOF (PROOF OF LEMMA 12). This is earlier stated and proved as Lemma C5 in
Cai et al. [2023D].
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